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A TRANSMISSION LINE BRIDGE FOR THE DIAGNOSTICS

OF PLASMA CHANNELS

INTRODUCTION
-'This paper describes a device for measuring the average electrical

conductivity of a long, narrow, cylindrical plasma. Interest in plasmas of

this shape originates from two areas of study: the study of electron beam

propagation through neutral gas, and the study of long straight electrical

discharges for use as a communication antenna. Propagation of an electron

beam through a neutral gas produces an ionized channel whose properties and

evolution are very important to the propagation of the beam itself. Long

straight electrical discharges are created in a channel that is ionized by a

pulsed laser beam focused with a long focal length lens, and the properties of

the plasma in this channel are important to the propagation of the electrical

discharge along the channel. The properties of these plasmas are inferred

from changes in the transmission properties of a transmission line placed

close to and parallel to the plasma.

In the fo' an analysis is made of the relation between the

bridge output voltage and the conductivity of the perturbing plasma for the

case in which the conductivity is ery low. In this case all perturbations on

the bridge parameters are small, and linear approximations are appropriate.

The usefulness of the bridge, however, extends to plasma well above this low

conductivity range, although a different set of approximations may be

necessary to make the analysis of the experiment tractable.

DESCRIPTION OF TRANSMISSION LINE BRIDGE APPARATUS

A transmission line bridge is a device for measuring very small changes

in the properties of transmission lines. If two identical lines are excited

by identical signals, the two output sig 'als are also identical. The

J difference between the two output signals\is a null signal. A change in

jtransmission of one of the lines results i a difference signal which may be

4 made arbitrarily large by amplification wits a high gain amplifer or by

* increasing the amplitude of the exciting sig 1. In practice, noise and lack

of balancing precision limit the useful gain o the signal amplifier, but

sensitivity may be Increased indefinitely by in reasing the excitation

amplitude.

Manus-ript approved December 21, 1983.
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Figure 1 is a schematic diagram of the transmission line bridge. The

plasma that is to be measured is created along the centerline of the active

leg of the bridge. The construction and arrangement of the bridge is such as

to make the two legs as nearly identical as possible. The conductors of the

two-wire transmission lines are one meter long pieces of 3/4" (1.91 cm) OD

copper tubing with centers separated by 2" (5.08 cm). This combination

produces a 200 1 line. The lines are driven by 50 n signals of the same

relative phase from a magic-T through balanced-to-unbalanced (50 n-to-200 SI)

matching transformers. The output signals from the two lines are substracted

in the second magic-T. Identical phase shifters and attenuators in each line

permit a null over a reasonable range of oscillator frequencies in the absence

of a plasma. Finally, the null signal is amplified by a large dynamic range

amplifier and displayed on an oscilloscope. The commercial items used in the

bridge are listed in Appendix I.

SIGNAL GENERATION BY PHASE SHIFT AND ATTENUATION

An atmospheric plasma is a lossy dielectric. When plasma is introduced

into the vicinity of the active line, the line's output is attenuated and

shifted in phase. In this case the signal generated by subtracting the

reference line output from the active line output is no longer the null

signal, but is given by Eq. (1).

AV = V0exp(-yz)cos((k0 +Ak)z-wt) - V0cos(k0z-Wt), (1)

where AV is the difference signal, y is the attenuation factor of the active

line, Ak is the change in propagation factor of the active line, and

Vocos (koz-ut) is the output of the reference line. This second term is also

the output of the active line in the absence of plasma.

In the approximation, yz, Akz<<1, the amplitude of the difference signal

is given by Eq. (2).

ali AV = V0 ((yz) (Akz) = VZ (y+Ak2 (2)

In the experimental arrangement of Fig. 1, the output signal from the

amplifier is rectified by a video detector. The resulting signal is

2A
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proportional to the amplitude of the bridge difference signal, which is just
what is given by Eq. (2). The detected output is symmetrically dependent on

attenuation and phase shift, insensitive to their signs, and more sensitive to

the larger of the two parameters.

Equation (2) is the essential result of this section. The analogy is

exact between the transmission line bridge in the arrangement of Fig. 1 and an

optical interferometer arranged to measure fractional fringe shifts by placing

an optical detector on a dark fringe in the interference pattern. If the
detectors were placed in the gray region of the interference pattern, the 900

point between dark and light fringes, the interaction between attenuation and
phase shift is even worse. In this case, in the same small change

approximation as above, the amplitude of the output signal is given by Eq. (3)

AV = F7 Voz(Ak-y) (3)

In the optical case, this inevitable interaction between phase shift and

attenuation can be unfolded by using signals from two orthogonally placed

photo-detectors. In the electrical case, this interaction can be eliminated

by using signal limiters and linear detectors.

RELATION BETWEEN THE PHASE SHIFT AND THE ATTENUATION OF THE TRANSMISSION LINE
SIGNALS AND THE CHANNEL DIELECTRIC CONSTANT, CONDUCTIVITY, AND GEOMETRY

The previous section was strictly an exercise in trigonometry: the

difference between two cosine functions of slightly different amplitude and

argument was manipulated until a suitably simple relation was found. In this

section, these amplitude and argument differences are related to small changes

in the dielectric constant of the dielectric surrounding the conductors of a

transmission line.

A two conductor transmission line is characterized by an inductance per

unit length, L, and a capacitance per unit length, C. This type of line
transmits TEM waves with a propagation constant, k = wv(LC), for a wave of

frequency w. C is the actual capacitiance per unit length between the two

conductors that form the transmission line. This capacitance is a linear

function of the dielectric constant of the material that surrounds the two

conductors. If the dielectric constant is real everywhere, k is also real and

3



the wave propagates without attenuation. If the dielectric constant is

complex, that is, if the surrounding material has a non-zero conductivity, k

is complex, and the wave is attenuated as it travels along the line. In

complex notation, the voltage at any point along the line is given by

V(z,t) = V0 Re {exp i(kz - wt)} . (4)

$If k is set equal to k0+Ak+iy, where Ak and y are real, Eq. (4) is expressed

as follows,

V(zt) = V0 exp (-yz) cos (k0z + akz - wt), (5)

where the notation is the same as in Eq. (1). In the approximation that the

charge in the capacitance per unit length is very small compared to the line's

vacuum dielectric capacitance per unit length the following equations relate

the line's transmission parameters to the change in capacitance:

k = w (LC) 2

k = w (L0 C + LoAC)V 2

k = W (L oC )1/2 (1 + ,C/Co)02 (6)

(10 A/) k/C R(C r A)

k( ko

where Ak =-.o Re(AC) and y =-.o Im(AC)
0 0

This (LC) analysis is valid only for TEM waves and lines that support

them. If a change in the dielectric creates a condition in which TE or TM

waves can propagate, the effect must be of second order for this analysis to

be valid.

4
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The capacitance of a transmission line is calculated by integrating the

electric field energy density in the space between the conductors and then

equating this value to 1/2 CV
2 ,

1/2 CV
2 = 1/2 ! eE2d3 r, (7)

where V is the voltage difference across the conductors and e is the

dielectric constant. In general, e is a function of position. Let e be the

dielectric constant of the reference line and the unperturbed active line, and

let er and si be real and imaginary normalized perturbations on that

dielectric constant (E = Co(l+ r+i~i)) . Then
0 rii)

C i I 3 rVd r +2 0 i2rooE2d r

= C0 + Re(AC) + ilm(AC), (8)

where e (r) and ei(r) are in general functions of r, although uniform along

the axis. E may be taken as the unperturbed field provided ei' E < < 1.

The main result of this section is the relationship between the

attenuation constant and the change in propagation constant as a function of a

perturbation in the transmission dielectric. This is achieved by combining

Eq. (8) with Eq. (6):

koky - f ei 0E
2d3r

2C 0 V (9)
ko

22

Ak - vc 'cEdr .

BY writingl/2 CoV in Eq. (9) as the integral over the electrical stored energy

in the transmission line, it becomes clear as shown in Eq. (10), that y is

proportional to the ratios of the energy loss per cycle to the total electric

energy in the line and that Ak is proportional to the ratio of the perturbed

stored energy to the total energy.

5



= k° 1/2 f Ei (r) eE 2d3r
Y - 1/2f zOE2d3r

= ko 1/2f cr E2 d 3r (10)

-2 1 / 2 f , E 2 3 r

In Equations (10), y and Ak are the experimentally measured quantities, and

information about the plasma density and temperature is contained in

E (r) and Ci(r) . To solve these equations for e r(r) and ei(r) , it is

necessary to assume a spatial distribution for the plasma, that is, it is

necessary to assume er = aF(r) where F(r) is assumed to be known and a is a

constant to be found. The resulting expressions for er (r) and si(r)are given

in Equations (11):
2 3

S r) %E(L dr-3) F(r) (11)r ) ko1/2 F(r)e E d r

(r) = 2Ak 1/2 f CE d r

,o(k- 1/2 1 F(r)c0Ed

In the right hand sides of Equations (11), Ak and y are measured quantities, E

is determined by the transmission line geometry and F(r) is assumed.

APPLICATION TO A LASER PLASMA EXPERIMENT

The system of Fig. I has been used to measure the electron density

produced by a long, Nd:glass-laser-produced spark in atmospheric pressure air

and to measure the electron density produced by a CO2 laser beam in 40T

ammonia. The change in the dielectric, in each experiment, is due to an

approximately I cm radius plasma that is created along the symmetry axis of a

two wire transmission line. (See Fig. 2.) The solution for the potential

outside two parallel, circularly cylindrical, equipotential, surfaces i.e., a

two wire transmission line is given in Ref. 1. If it is assumed that the

plasma cross section is circular, uniform, and centered on the transmission

line axis, the integrals of Eq. (11) can be evaluated in terms of tabulated

functions, provided that er' Ei are small enough such that the electric

6



field of Eq. (11) may be assumed to be the unperturbed fields of the

transmission line. Because the plasma is uniform for r<ro, and doesn't extend

beyond r=r o the integrals for the perturbed energy in Eq. (11) become

/2if Cr,i (r) e E2 (r)d3r = /2 r,i f cE
2 (r)d3r . (12)

all space plasma (r<r
0

The expression for the imaginary and real parts of the perturbation of the

dielectric constant is then

2 3

1/2 .0E 2d r

_ 2Y all space y 1 (13)
k0 1/2f E d r k B(d/s)A(r /5)

r<r

Ak 1
r B(d/s)A(r

0/6)

where d is the diameter of the transmission line conductors, s is their

separation, 6 is equal to f V(S2 -d 2 ), and ro is the radius of the plasma

column. These lengths are shown schematically in Figure 2.

The value of the integral in the numerator, the total electrostatic

energy of a two wire transmission line, is a function of the ratio d/s. The

integral in the denominator, is proportional to the product of a function of

d/s and a function of r0 / . It follows that the ratio of the two integrals

can be represented as the product of two independent functions, B(d/s) and
A(ro /) in Equation (13). The expressions for A and B are as follows:

0+2

A(a) - ln (1 <)
1-ai

(14)

B(a) = ln (1+v'-T)la) /) <1,

(in 1+ 
2

and they are plotted in Fig. 3.
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For the 200 n line of Fig. 2, d/s = .375, 6 = 2.35 cm, and ro :/6 .4,

w" :h results in A(r0 /) = 0.32 and B(d/s) = 0.16. The frequency used In the

bridge of Fig. 1 is 30 MHz which corresponds to ko =.628 m
-1 . The relation

between the bridge output voltage and the dielectric change is octained from

Equation (2) and Equation (13):

2 21I 2 2 /2

zV ZkoAB( i + er ) 2 Vo = .032(ei + r ) V (15)

Both of these experiments were operated at high enough pressures (1 atm and

40T) and low enough driving frequency, w, such that u >> wp >> w, where j is

the electron-neutral collision frequency, and wpis the plasma frequency. The

result is that F2 << 2 and

= (.032) "I A1 = 30.1 AV/V (16)
0 0

The lower limit of usefulness of this expression is that the signal must je

significantly larger than amplifier noise: Av>10 "5 volts. On the upper

end, y/k0 must be small enough that the linear approximations of Eq. (;) are

valid: y/k0 < 0.1; also, ei must be small enough for the use of the

unperturbed fields in Eq. (13) to be valid. The requirement on ei includes

the requirement on y/ko. These limits are

. 0.2 > i > 3.2x1O- 4 Vmin/' 0 32 V0
o  (17)SV0

In cgs units i = 4a/w (, is the conductivity) and the limits on a are

13
6 .8xlO3

1.5x10 6 > a> (18)
V

0

In the attempts to measure the conductivity of a CO2 laser produced

channel in 40T NH3 the value of Vo was set at 2 volts. No measurable signal

was detected, which implies that a<2.4x10 3 Hertz (ne < 5x10 5 cm- 3).

In the Nd/Glass laser spark in atmospheric air experiment, the Nd/Glass

laser is focussed along the axis of the the active leg of the transmission
line bridge. An open shutter photograph of the resulting one meter long
plasma is shown in Figure d. The bridge output (for Vo=.16 volts, rms)

j produced by this plasma, after the signal has been amplified by a logarithmic

8
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amplifier and rectified by a video detector, is shown in the oscilloscope

photograph in Figure 5. The plasma conductivity is determined from this video

output signal by taking its antilogarithm and multiplying by an appropriate

constant. This result is shown in Figure 6, a plot of the plasma conductivity

versus time. The plasma has a peak conductivity of 1.4xlO 6Hz which decays to

zero in about 300 usec

REMARKS ON SENSITIVITY AND APPROXIMATIONS

The inherent limitations of a transmission line bridge as a plasma

diagnostic are spatial limitations: (1) the attenuation constant measured by

the bridge is the average attenuation constant along the entire length of the

line. The same limitation applies to the measurement of the change in

propagation constant. If the plasma is axially uniform the measurement is

exact. However, the degree of axial uniformity must be determined from other

measurements. (2) A radial profile of the plasma also based on other

measurements must be assumed. The reason for this is that many different

distributions of dielectric material can produce the same change in

propagation constant.

Three restrictions or assumptions are made in the analysis in the

preceding sections that take advantage of the fact that the plasma of interest

has a very low conductivity:

yz, Akz << 1,

y/ko, Ak/k o = AC/C 0 << 1

Ci , Cr <<  .

~j if these restrictions are relaxed, the bridge is able to diagnose plasmas of

much higher conductivity although the analysis is no longer as

straightforward.

The first restriction can be removed by a change in the hardware: by

replacing the simple network (magic T), that takes the difference between the

reference arm and the active arm signals, with a pair of balanced mixers

operating 900 out of phase with one another. A balanced mixer is a device

that produces the average value of the product of two signals. These mixers

9



would produce output signals that correspond to Eq. (1), ano would

allow y and Ak to be separated for all values of Akz and yz:

A Vo e cos Akz
,V 0

(19)
AV Voe'YZ s in Y'V2  0

Since y, Ak and Av are no longer linearly related, an extra step is involved

in the data analysis. The solution of these equations for y and Ak are

Ak = tan
I AVI

(20)
-1  AV1 2 AV2 2
: In -) + ( ') )

0 0

The second restriction of the experimental data analysis can always be

met by making the transmission line cross sections very large compared to the

cross section of the plasma. If the plasma is so comparatively small that it

intercepts only 10% of the transmission line's electrostatic energy

il then -IAC/C = 4 .i and the condition is satisfied. If this

restriction cannot Be met, an added complexity must be handled in relating the

measured y and Ak to the change in capacity per unit length:

V iy + = 1 1 (21)

4Thus, the second restriction, like the first, is made to facilitate the

analysis of the measurements and does not represent a limit on the

conductivity range of usefulness of the bridge.

The final restriction, ei' Cr << 1, is the most serious. It comes about

because of the ease of computation that is the result of assuming that the

electric field in the plasma is the same as the vacuum or unperturbed field.

Large values of Ii or er may be handled without an exact solution of the

boundary value problem if the diameter of the plasma, relative to the

10
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transmission line, is small enough such that the following approximation is

valid: the unperturbed electric field within the volume of the plasma is a

constant. In this case the solution to the problem of a dielectric rod

immersed in a uniform electric field applies, and the field inside the rod, E,

as a function of the external field, E0, is uniform and given by

2E0
E - 2 2) 1/2 (22)1 + I( l + er )  + i l

where E is the perturbation of the dielectric constant. Thus the limit

on e in this high conductivity case is that the skin depth of the plasma be

large compared to the plasma radius, so that the field inside the plasma is

uniform. For a collisionally dominated plasma, this condition is

2 << c2 /21aw
r0

which implies a maximum a of 3x10 1 1 Hz for 30 MHz excitation and ro = I cm.

For a collisionless plasma, the plasma frequency must be less than the applied

frequency for the applied field to penetrate the plasma.

The input noise of the bridge amplifier determines the ultimate

sensitivity of the system. This noise can be reduced by reducing the

bandwidth of the amplifier: system sensitivity is directly exchangeable for

response time. If Vn is the noise voltage of the amplifier input, (yz)min or

(Akz)min' the minimum detectable signals are equal to Vn/Vo, where Vo is the

transmission line voltage. The minimum detectable signal can also be reduced

by increasing Vo .

In an optical interferometer, if the length of the two optical paths are

made equal, variations in source wavelength do not significantly affect the

output. Similarly, if the phase shift and attenuation of the arms of the

transmission line bridge are made equal, oscillator noise is eliminated from

the bridge output.

EXAMPLE OF AN ANALYSIS OF A HIGH CONDUCTIVITY PLASMA MEASUREMENT

An interesting example is the case of a very narrow, highly conductive,

uniform plasma in a two-wire transmission line bridge. The relation between

the transmission line's attenuation constant and the imaginary part of the

11



perturbation on the vacuum dielectric constant, ei = 47ra/w, is analysed below

for the case in which i - 1, er < < ei, ro << 3 (5 is defined in Fig. 2), and

y << k0 . Equation (I1) is a statement of this relationship. F(r) is set

equal to one since the plasma is assumed to be uniform. The integral in the

numerator of Eq. (11) is the total electrostatic energy in the line and is

equal to WV 2[2 cosh "I (s/d)] -1. To evaluate the integral in the denominator

the component of the electric field near the symmetry axis of the two wire

transmission line is computed from reference (1):

E =2V 2V/5 (23)o ( x2/ 2) In( s2..t...) n/ 2 - -2)2 "

The relationship between ei and y is obtained by substituting Eqs. (22) and

(23) into Eq. (11):

I V-1 +* 52 1n2 (S+26= T-o 2=r cosh-1 s/d
0 0

CONCLUSIONS

The transmission line bridge, when used at 30 MHz and as configured in
Fig. 1, is capable of measuring the time evolution of plasma channel

conductivity for a channel in high pressure gas. (Electron-neutral collisions

dominate the plasma.) The bandwidth of the system is about 4 MHz, and the

largest source of error is the estimate of the plasma geometry. Operating the

bridge at different frequencies or creating the plasma at different gas

pressures will yield different relations between Cr and ei than the

particularly simple one for the cases cited here: cr<<€i .  In general, it is
necessary to measure two quadrature outputs to unravel er and Ci.
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Figure 1. A schematic diagram of the transmission line bridge.
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APPENDIX I - PARTS LIST

The list of components used in the transmission line bridge circuit and

shown schematically in Fig. 1 is as follows:

50 Ohm, unbalanced, to 200 Ohm, balanced, transformer - Anzac Electronics,

Waltham, MA, Model TP-104.

50 Ohm Magic Tee - Anzac Electronics, Waltham, MA, Model HH-107.

Phase Shifter - General Radio Company, Concord, MA, Type 874-LTL.

Attenuator - Mini-Circuits Laboratory, New York, NY, Model ZAS-3B.

Oscillator - Hewlett-Packard Company, Palo Alto, CA, Model 36408.
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